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Fig. 5. Two possible environments for the UO22~ unit in the 
conduction plane. 

local situation may be on the basis of occupations 
and electrostatic considerations. The two distinctly 
different environments for the UO~ ÷ ions suggested 
by the optical spectrum are likely to be those with 
and without Na ÷ as a nearest neighbour (see Fig. 5). 
There can be several sources for the lack of  homo- 
geneity associated with a given site, e.g., the UO~ + 
ion can be slightly tilted, it can be influenced by 
next-nearest-neighbour Na + ions, or a second uranyl 
ion can occupy a nearby site. It is clear, however, 

that the structural picture presented here is fully 
consistent with the appearance of the luminescence 
spectrum. 
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Abstract 

The crystal structure of low camegieite, NaA1SiO4 [Mr 
= 142.05, orthorhombic, Pb21a, a = 10.261(1), b = 
14.030(2), c = 5.1566(6)1k, Dx = 2.542gcm -3, Z = 
4, Cu Kal,  A = 1.5406/~, # = 77.52cm -l, F(000) = 
559.85], is determined via Rietveld refinement from 
powder data, Rp = 0.057, Rwp = 0.076, RBragg = 0.050. 
Given that there are far too many parameters to be 
determined via unconstrained Rietveld refinement, a 
group theoretical or modulation wave approach is used 
in order to parameterize the structural deviation of low 
camegieite from its underlying C9 aristotype. Appropri- 
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ate crystal chemical constraints are applied in order to 
provide two distinct plausible starting models for the 
structure of the aluminosilicate framework. The correct 
starting model for the aluminosilicate framework as well 
as the ordering and positions of the non-framework Na 
atoms are then determined via Rietveld refinement. At 
all stages, chemical plausibility is checked via the use 
of the bond-length-bond-valence formalism. The JCPDS 
file number for low camegieite is 44-1496. 

1. Introduction 

Camegieite, NaA1SiO4, is one of a large family of 
materials topologically closely related to the so-called 
C9 structure type (O'Keeffe & Hyde, 1976). Its parent 
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crystal structure can be described as a 'stuffed' derivative 
of the C9 structure type in which half the cavities 
in the comer-connected tetrahedral AISiO4 framework 
are filled with Na atoms (see Fig. 1). It exists as the 
stable polymorph of NaAISiO4 between 1523 K and its 
melting point at 1799 K. Early work on high camegieite 
determined that it had a cubic structure with space-group 
symmetry P213 or F2t3m and cubic unit-cell dimension 
of 7.37 A. Upon cooling relatively quickly to room 
temperature, high carnegieite undergoes a reversible 
displacive structural phase transition at 940 K to low 
carnegieite (Klingenberg & Felsche, 1981). 

The crystal structure of low camegieite has not been 
solved. Indeed even its unit-cell and space-group sym- 
metry have proved difficult to determine owing to the 
extremely sluggish kinetics of formation of fully ordered, 
single-phase low carnegieite from the component oxides. 
Such sluggish kinetics in conjunction with the above 
structural phase transition rule out single-crystal growth 
and mean that synthetic powder preparations have almost 
invariably been multiphase, including several phases 
which are also closely related to the C9 structure type. 
With sufficient homogenization of the component oxides 
in conjunction with annealing at 1673 K, it has recently 
proved possible to prepare powder specimens in which 
the only crystalline phase present was low carnegieite, 
although even this material was found to contain some 
30-50% of a glass phase (Thompson, Withers, Whit- 
taker, Traill & Fitz Gerald, 1993). 

O 1/2(Si + AI) C) Oxygen ~ 1/2 Na (double density) site 1 

(~ Oxygen O sitel/2Na2 

Fig. l. Polyhedral representation of the Fd3m C9-related aristotype of 
low camegieite projected along a cubic (110) direction. 

Electron microprobe analysis of this crystalline phase 
confirmed the stoichiometry to be NaAISiO4 while ex- 
amination by X-ray powder diffraction, TEM and solid- 
state NMR gave an orthorhombic unit cell a' = 10.261, 
b' = 14.030 and c' = 5.1566 A with space-group sym- 
metry Pb21a (non-standard setting of Pca21). This cell 
setting was chosen so as to be directly comparable to that 
repotted for what appears to be a closely related material, 
namely Na4MgESi3010 (Shannon, 1979; Foris, Zumsteg 
& Shannon, 1979). In addition to the similarity of their 
powder XRD traces, Na4MgESi3010, like carnegieite, 
also undergoes a high-temperature cubic to orthorhombic 
phase transition at ~900 K. KGaO2 is representative of 
a family of fully stuffed C9 derivative structures which 
also appear to be related in that they have similar cell 
dimensions and a related although higher space-group 
symmetry of Pbca when the same cell setting is used 
(Vielhaber & Hoppe, 1969; Grey, Hoskins & Madsen, 
1990). 

Given a resultant space-group symmetry of Pb21a, 
there are potentially (14 + 2) x 3 = 48 displacive 
degrees of freedom plus eight compositional degrees of 
freedom to be refined in order to determine the structure 
of low camegieite - far too many to be refined v/a 
an unconstrained Rietveld refinement. Therefore, it is 
essential to be able to derive a plausible starting model 
for the structure before beginning a Rietveld refinement. 

In this paper, a group theoretical or modulation wave 
approach is used in order to parameterize the structural 
deviation of low camegieite from its underlying C9 
aristotype (Bamighausen, 1980, and references contained 
therein). Thereby the structural relationship between 
low camegieite and its 6"9 aristotype is clearly spelt 
out. Appropriate crystal chemical constraints are then 
applied in order to provide two distinct plausible starting 
models for the structure of the aluminosilicate frame- 
work. The correct starting model for the aluminosilicate 
framework as well as the ordering and positions of 
the non-framework Na atoms is then determined v/a 
Rietveld refinement. At all stages, chemical plausibility 
is checked v/a the use of the bond-length-bond-valence 
formalism. 

2. Modulation wave approach 

Electron-diffraction pattems of low camegieite, and in- 
deed of all C9-related superstructures, display a sub- 
set of strong Bragg reflections (Gp) corresponding in 
essence to a (strain deformed) underlying Fd3m C9- 
related parent structure (see Fig. 2) in addition to extra 
satellite reflections (at Gp + q) arising from the structural 
deviation or modulation of the fractional coordinates of 
the low camegieite structure away from those of the 
C9-related parent structure. Infinite wavelength strain 
waves corresponding to a deformation of the original 
parent structure unit-cell parameters always accompany 
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such changes in fractional coordinates. In the case of 
low carnegieite, this strain deformation is a lattice- 
equivalent (Bamighausen, 1980) transformation which 
lowers the isogonal point-group symmetry of the C9 
parent structure from cubic m3m to orthorhombic mmm. 

The changes in fractional coordinates and occupan- 
cies of the resultant structure can now be described in 
terms of compositional and displacive modulation of the 
latter, strain deformed (reference) structure. Knowledge 
of the unit-cell and space-group symmetry of the resul- 

tant structure enables the most general possible atomic 
displacement pattem compatible with each observed 
independent modulation wavevector q to be written 
down and hence defines the structural parameters which 
need to be determined in any structure refinement. Ap- 
plication of plausible crystal chemical constraints such 
as the requirement that the framework SiO4 and AIO4 
tetrahedra be as regular as possible can then be used 
to see which resultant space-group symmetry-allowed 
parameters are likely to be small, to provide approximate 
relationships between formally independent structural 
parameters and in general to give a plausible starting 
model for the subsequent refinement. 

2.1. C9 aristotype 

The underlying parent structure or aristotype of low 
camegieite has the same space-group symmetry as C9 
itself, i.e. Fd3m with one NaAISiO4 formula unit per 
primitive parent unit cell and with fractional coordi- 

1 1 1 nates given by: M1 at 0 , 0 , 0 ;  M2 at 4, 4, • Nal at 
1 I 1. N _ ~ _ . 3  3 3 0 l a t  I I I .  ~ '  1 I .  -, - ,  - ,  ..a,~ at -,  -, -" ' 8'  0 2  at  8 ,  8 ,  8 ,  2 2 2 4 4 4 9 81 18, 1 1 1 1 03 at g ,g ,  ~; and 04  at 8, 8, plus the face- 
centring translations (see Fig. 3). The O-atom sites 
are always fully occupied while the average atomic 
scattering factors of the metal sites, denoted j~'i, f ~ ,  
fr~'l, f~'2 are necessarily composition dependent e.g. for 
NaAISiO4, f~] = f ~  = ½(fAl + fsi); fr~'l = f~2 = l fNa .  
The eight compositional degrees of freedom referred to 
in the Introduction correspond to the determination of 
the occupancies of these cation sites in the resultant unit 
cell. 

(a )  
• • • • * 0 • • • • * • 

• o • • O o o o O 0  • • • , 

• • • e g o  O e O o o o O e  • , 

. • • • o ~ o O  • g O  q 

• . • O e  • o O o  • e 0  • • , 

(~) (c) 

Fig. 2. (a) [100] - [10116-9 zone-axis microdiffraction pattern, (b) an [010] = 2[010]c9 zone-axis select~l-area diffraction pattern (SADP) and (c) 
an [001] - [101]c9 zone axis SADP of low caraegieite. The indexing is with respect to the C9 aristotype. 
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The unit-cell size to be associated with this ideal- 
ized C9 aristotype can be determined via usage of the 
bond-length-bond-valence approach (see, for example, 
Brown & Altermatt, 1985; Brese & O'Keeffe, 1991) 
in conjunction with the reasonable assumption that the 
AIO4 and SiO4 tetrahedra remain as regular as possi- 
ble. Ideal AIO4 and SiO4 tetrahedra have AI--O and 
Si--O tetrahedral distances given by 1.757 and 1.624 A, 
respectively [determined v/a use of the bond-valence 
parameters given by Brese & O'Keeffe (1991)]. The 
corresponding oxygen-oxygen tetrahedral edge lengths 
within the AIO4 and SiO4 tetrahedra are given by 2.869 
and 2.652 ,/~, respectively. 

With such a tetrahedral framework, an ideal C9-type 
parent structure would have a cubic unit-cell parameter 
given by 4(1.757 + 1.624)/31/2 = 7.808 ,/~ and an average 
oxygen-oxygen tetrahedral edge length of 7.808 x21/214 
= 2.761 ./k. Using the bond-length-bond-valence formal- 
ism, an Na atom in either the Nal or Na2 (initially 
12-coordinate) truncated tetrahedral sites would have an 
apparent valence (AV) of only ,~0.24, i.e. all such Na 
atoms would be heavily underbonded. Therefore, the 
structure needs to collapse via coupled rotations of the 
framework tetrahedra in such a way as to increase the 
AV of the Na atoms. 

Note that the average structure of a C9-related super- 
structure such as low camegieite (defined as the structure 
that would result if the amplitudes of the modulations 
associated with the satellite reflections Gp + q all went 
to zero, i.e. the structure corresponding to the subset 
of strong Bragg reflections G t, alone) still will not 
be the same as the underlying aristotype or parent 
structure (Perez-Mato, Madariaga, Zuftiga & Garcia Ar- 
ribas, 1987) defined above for two reasons. Firstly, 

+ O'de 

Oroc 

Fig. 3. A polyhedral representation of the Fd3m C9 aristotype of low 
carnegieite projected along the [0101 - 2[0101c9 axis. The projected 
unit cell of the aristotype is given by the bold lines while that of 
the resultant structure is given by the dashed lines. The independent 
atoms per primitive unit cell of the C9 aristotype are labelled as are 
some relevant symmetry operations of the aristotype. 

the possibility of q ffi 0 compositional and displacive 
modulation must be allowed for. Indeed, in the case of 
low camegieite, solid-state NMR evidence requires each 
SiO4 tetrahedra to be surrounded by four AIO4 tetrahedra 
and vice versa (Thompson et al., 1993). Such tetrahedral 
cation ordering destroys any possibility of an inversion 
centre in the resultant structure and can be described 
in terms of a q = 0 compositional modulation of the 
above aristotype. Such a q = 0 compositional modulation 
must, of necessity, be accompanied by a small amplitude 
q = 0 displacive modulation corresponding to a small 
amplitude shrinkage and expansion of the SiO4 and 
AIO4 tetrahedra, respectively, relative to the average 
tetrahedral size. 

Even if the amplitude of this q ffi 0 mode was also 
put to zero, however, the resultant average structure or 
reference structure would still not be identical to the 
underlying aristotype defined above. The reason is the 
strain deformation of the original parent structure unit- 
cell parameters which also occurs at the phase transition. 
As mentioned above, in the case of low camegieite, 
such strain deformation lowers the isogonal point-group 
symmetry of the C9 parent structure from m3m to mmm,  
i.e. the point-group symmetry operations of the C9 
aristotype which remain in the strain-deformed 'second 
generation' parent structure are given by m m m  ffi {E, 
C ~ ,  C~ ,  C2y, i, cry:, erda, try} [see Fig. 1.3 of Bradley 
& Cracknell (1972) and Fig. 3]. Formally the parent 
structure space-group symmetry is thereby lowered from 

l ( -a  + c)] Fd3m (a, b, c) to I m m m  [½(a + c), b, 
(see Fig. 3). This latter, strain-deformed parent structure 
represents a 'second generation' parent structure (or 
reference structure) from which the true structure can 
now be derived via appropriate compositional and dis- 
placive modulation. Note that the reference structure can 
be described in two superficially different but entirely 
equivalent manners. Firstly, as described above, i.e. 
l m m m  [½(a + c), b, l ( - a  + c)]. This, however, formally 
requires a different choice of parent cell parameters 
and hence of modulation wavevectors as defined below. 
Given that structural comparison with other C9-related 
superstructures is most direct if the same C9 parent cell 
is used, we have chosen to use the same cell parameters 
as for the C9 aristotype, i.e. a, b, c and F-centered, 
but to keep in mind that only space-group symmetry 
operations whose rotational component belongs to one 
of the m m m  point-group symmetry operations defined 
above are relevant. Hence when considering little co- 
groups appropriate to various modulation wavevectors 
below, only those point-group symmetry operations be- 
longing to the point-group symmetry m m m  are taken 
into account. 

2.2. Structural deviation away from the C9 aristotype 

O'Keeffe & Hyde (1976) have shown how the major 
component of the structural deviation of low cristobalite 
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and /5-NaFeO2-type structures from their underlying 
C9 aristotypes can be described in terms of coupled 
rotations of virtually rigid framework tetrahedra around 
their ,~ tetrahedral axes. Alternatively, and apparently 
equivalently, such structural deviation away from the 
underlying C9 aristotype can be described in terms of 
coupled rotations of the framework tetrahedra about 
orthogonal ((110) and (1 i0)) tetrahedral edges. In a very 
real sense, rotation of the framework tetrahedra around 
their (110) tetrahedral edges is the natural 'normal mode' 
for such C9-related structures [see, for example, the 
diffuse scattering characteristic of both high and low 
cristobalite (Withers, Thompson & Welberry, 1989)]. 

Such tetrahedral edge rotation, of necessity, leads 
to a shrinkage in cell dimensions (dependent upon the 
magnitude of the angle of rotation) in the plane per- 
pendicular to the (110) tetrahedral edge around which 
such rotation takes place (see Figs. 3 and 4). In the case 
of low carnegieite, the resultant space-group symmetry 
and unit-cell dimensions (the relationship between the 
cell dimensions of the C9 aristotype and the resultant 
low carnegieite structure are shown in Fig. 5) are only 
compatible with tetrahedral edge rotation around the 
mutually orthogonal (a + c)c9 = a' and (-a + c)c9 = c' 
axes. (Tetrahedral rotation around the 2bc9 = b' axis is 
incompatible with the resultant space-group symmetry). 

Indeed, given the cubic aristotype unit-cell dimen- 
sion of 7.808 A, the observed cell parameters of low 
camegieite require that the magnitude of tetrahedral 
rotation of all the framework tetrahedra about both the 
resultant c' axis, Oz, as well as about the resultant a' 
axis, Ox, must both be of the order of ,-~20 °. Assuming 
an averaged (A1,Si)O4 tetrahedron, it is not difficult to 
show (see Figs. 3 and 4) that: 

and 

a' = 7.808x21/Zcos(0z), 

b ' =  2 x 7.808/(1 + tan20x 

c' = (7.808 x 2112/2)cos(Ox). 

+ tan2Oz) 1/2 

/ /  

O 2 , 4  

Fig. 4. The effect of tetrahedral edge rotation around the 2c' = (-a + c)c9 
direction. Such tetrahedral edge rotation must lead to a shrinkage of 
the resultant unit-cell dimensions along both the a ~ and b' directions. 
Similar tetrahedral edge rotation around the orthogonal a ~ = (a + c)c9 
direction leads to a shrinkage of the resultant unit-cell dimensions 
along the c' and b' directions. 

For rotation angles Ox = 19.4 and Oz = 20.2 °, the 
predicted resultant cell parameters would be 10.363, 
13.915 and 5.208A, all within 1% of their experimen- 
tally determined values. It is clear, therefore, that by 
far the major component of the structural deviation of 
the low carnegieite structure from its underlying C9 
aristotype arises from coupled tetrahedral edge rotations 
of magnitude ,,~20 ° about the mutually orthogonal (a 
+ c)c9 = a' and the (-a + c)c9 = c' axes. In order to 
derive a plausible starting model for subsequent Rietveld 
refinement we therefore need only ascribe non-zero 
values to those structural degrees of freedom associated 
with such tetrahedral edge rotation. 

2.3. Defining the modulation functions 
Formally the deviation of the resultant structure from 

the above average structure must be able to be expressed 
in terms of compositional and displacive modulations 
as follows (see, for example, Perez-Mato et al., 1987; 
Yamamoto, 1982): 

~f~(T) = f~Re{~-~a,(q)cos[27rq.T + 0,(q)]} (1) 
q 

u,(T) = Re{)-~ ~ c~e,,~(q)cos[2~rq.T + 0,,~(q)]}. 
q a=a ,b ,c  

(2) 

Here 6fu(T) represents the deviation (fromf~ v) of the 
atomic scattering factor of the #th atom in the Tth parent 
primitive unit cell, while uu(T) represents the atomic dis- 
placement away from its position in the parent structure 
(r .  + T) of the #th atom in the Tth parent primitive 
unit cell. The compositional component of a modulation 
characterized by the modulation waveveetor q is speci- 
fied by its compositional eigenvector components A.(q) 
= au(q)exp[iO.(q)] while the displaeive component is 
specified by its displacement eigenveetor components 

b'=2b 
. . . .  . - ~ l a  

I I 

C' I I 
I I 

a '  

b'*=I/2 b* 
. . . . . . . . . . .  IP.~l 2 a *  

@ , a ' *  i 
i 
i 

'* i 
c i i 

I 
i 

! i 
i i 

2c* 

Fig. 5. The real and reciprocal space unit-cell relationships between 
the aristotype (unprimed) and the resultant low carnegieite structure 
(primed). 
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e~,~ (q) = e~,,~ (q)exp[i0,a (q)] where the e~,,~'s represent 
the shifts of the #th atom along the c~th (= a, b or c) 
direction of the underlying average structure. If such 
modulations have non-zero amplitude, they will give rise 
to satellite reflections at Gp -.+ q, where Gp is a Bravais 
lattice allowed reflection of the average structure. 

Such modulations are characterized by their trans- 
formation properties under the space-group symmetry 
operations belonging to the little group of the corre- 
sponding modulation wavevector. It is often the case 
that compositional and/or displacement modulations as- 
sociated with specific modulation wavevectors transform 
according to a particular irreducible representation of the 
corresponding little co-group (see, for example, Withers, 
Hua, Welberry & Vincent, 1988). Consequently such 
modulations often give rise to characteristic satellite 
extinction conditions. The observation of such charac- 
teristic extinction conditions (for example the systematic 
absences observed at the [100] and [001] zone axes 
of low carnegieite as a result of the b and a glides 
perpendicular to the a'  and c' axes respectively, see Fig. 
2) can then be used to eliminate potential degrees of 
freedom and to derive the most general possible atomic 
displacement pattern associated with each modulation 
wavevector. 

2.4. Independent modulation wavevectors 

The real and reciprocal space unit-cell relationships 
between the C9-related reference structure and the Pb21a 
resultant structure are shown in Fig. 5. The additional 
satellite reflections which accompany the strong ma- 
trix reflections of the parent structure in the case of 
low carnegieite are characterized by the modulation 
wavevectors ql = 1(020)*, q2 = ~(202)*, q3 = 1(222)*, 
q4 = ~(222)*, q5 = (010)* and q6 = O. The determination 
of the structure of low carnegieite is equivalent to the 
determination of the compositional and displacement 
eigenvector components associated with each of these 
independent modulation wavevectors. 

2.5. Irreducible representations and eigenvectors associ- 
ated with the various modulation wavevectors 

The little co-groups G q corresponding to the various 
symmetry points and lines of the first Brillouin zone of 
the primitive F f Bravais lattice appropriate to the Fd3m 
C9 aristotype have been tabulated and can be looked up 
in, for example, Bradley & Cracknell (1972). The sub- 
groups of these little co-groups whose elements belong 
to mmm correspond to the little co-groups appropriate to 
the strain-deformed C9-type reference structure. 

2.5.1. The ql = ¼(020)* modulation. The corres- 
ponding little co-group G q, of this modulation wavevec- 
tor is that subgroup of mmm = {E, C2¢, C2e, C2y, i, adc, 
ade, Cry} which leaves q invariant modulo an allowed 
matrix reflection, namely G q, = I E, C2y, Crdc, Crde } where 
the symmetry operations are defined in Fig. 1.3 of 

Table 1. Multiplication table corresponding to the 
little co-group o f  ql 

E C2~ O"dc O'de 
Rj  1 1 1 1 
R2 1 1 - 1 - I 
R3 1 - 1  1 -1 
R4 I - 1  - 1  1 

Bradley & Cracknell (1972) and also in Fig. 3. Note that 
the symmetry operation Crdc corresponds to reflection in 
a plane perpendicular to the resultant a '  axis whereas 
the symmetry operation crde corresponds to reflection 
in a plane perpendicular to the resultant c' axis. The 
multiplication table corresponding to this little co-group 
is given in Table 1. There are four one-dimensional 
irreducible representations labelled RI to R4. Only an R4 
irreducible representation, however, is compatible with 
the resultant space-group symmetry of Pb21a. 

Note that a character of -1 under crdc, for example, 
implies that the atomic displacement pattern associated 
with ql maps into the negative of itself under the 
symmetry operation ado. As 27rql.[½(a + c) + b] = 7r, 
it therefore follows that the atomic displacement pattern 

1(a + c) associated with ql maps into itself under {crdc 12 
+ b} as required by the resultant space-group symmetry. 
Note that {adcl½(a + c) + b} is equivalent to ICrxl½(a' 
+ b')} (i.e. the b glide perpendicular to a') in terms 
of the resultant structure. Similarly a character of +1 
under Crde implies that the atomic displacement pattern 
associated with ql maps into itself under { O'de ] 1 (a + c) } 
as also required by the resultant space-group symmetry, 
i.e. lad,1½(a + c)} is equivalent to {crzl 1 ' ~a } (the a glide 
perpendicular to c') in terms of the resultant structure. 

Application of standard group theoretical techniques 
(see, for example, Withers, Wallenberg, Bevan, Thomp- 
son & Hyde, 1989) shows that compositional modulation 
of the metal-atom occupancies is not allowed for this 
modulation wavevector and gives the most general pos- 
sible atomic displacement pattern associated with the 
modulation wavevector ql as: 

UMI(T) = 2112eMl(ql)COS[27rql.T + ~gl (q l ) ] (a  + C) 

UME(T) = 21/2eMg(ql)cos[27rql.T + qOMe(ql)](a + c) 

UNal(T) = eNal(ql)COS[27rql.T + q0Nal(ql)](a + C) 

UNa2(T) = eNa2(ql)cos[27rql.T + qONaE(ql)](a + C) 

uol(T) = 

uo3(T) = 

21/2eol(ql)cos[27rql.T + ~Pol(ql)](a + c) 

- 21/2eolY(ql)cos[27rql.T + qOolY(ql)]b 

21/2eol(ql)cos[27rql.T + ¢Pol(ql)](a + c) 

+ 21/2eolY(ql)cos[27rql.T + qoolY(ql)]b 

uo2(T) = eo2(q1)cos[21rql.T + 45 ° + Wo2(ql)](a + c) 

= Uo4(T). 
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Thus, formally there are 14 independent displacive 
degrees of freedom associated with just this ql mod- 
ulation wavevector, ten of which are associated with 
the framework tetrahedra. If, however, we make the 
reasonable assumption that by far the major component 
of the structural deviation of low carnegieite from the 
average structure will be as a result of tetrahedral edge 
rotation of the framework tetrahedra, then this number 
of free parameters can be reduced significantly. The 
above atomic displacement pattern is not compatible 
with tetrahedral edge rotation around the (a + c)c9 = 
a'  axes but is compatible with tetrahedral edge rotation 
around the (-a  + c)c9 = c' axes. 

The assumption of tetrahedral regularity in conjunc- 
tion with the requirement that each tetrahedra should 
rotate through an angle of the same magnitude requires 
that ~PMI(ql) -- ~M2(ql) -- 45 °, ~ o l Y ( q l )  = qOOl(q l )  = 

45 °, eml(ql) = eM2(ql) = eMx(ql), CO2 (ql) = 0 and 
that eolY(ql) = Col(q1) = 2eMx(ql) (see Fig. 6). Thus 
the ten degrees of freedom associated with framework 
tetrahedral rotation can be reduced to just one, namely 
eMx(ql). Furthermore a rotation angle of 20.2 ° around 
the c' axis and 19.4 ° around the a' axes requires a value 
for eMx(ql) in the close vicinity of 0.033. 

1 (202)* modulat ion.  T h e  correspond- 2.5.2. The q2-- 
hag little co-group G q2 of this modulation wavevector is 
that subgroup of m m m  which leaves q invariant modulo 
an allowed matrix reflection, namely G q2 = {E, Crde}. 
There are only two one-dimensional irreducible repre- 
sentations labelled R1 (the totally symmetric represen- 
tation) and R2. Only an RE irreducible representation, 
however, is compatible with the resultant space-group 
symmetry of Pb21a. A character of -1 under Crde, as 
required by an RE irreducible representation, implies that 
the atomic displacement pattern associated with q2 maps 
into itself under {O'de I 1 (a + c)} as also required by the 
resultant space-group symmetry i.e. ICrdel½(a + c)l is 
equivalent to I crz[ 1 ! 7a I (the a glide perpendicular to c') 
in terms of the resultant structure. 

.,5;¢ . . . . .  

Fig. 6. The relationship between the C9-related average (i.e. with the 
effects of strain in the unit-cell parameters already incorporated) 
structure (in bold) and the tetrahedral edge rotated structure (dashed 
lines). The assumption of tetrahedral regularity in conjunction with 
the requirement that each tetrahedra should rotate through the same 
angle requires that eoy = eo = 2eM. 

Similar considerations to the above for this q2 -- 

1(202), modulation wavevector show that compositional 
modulation of the metal-atom occupancies is again not 
allowed and that the most general possible atomic dis- 
placement pattern compatible with the resultant space- 
group symmetry of Pb21a is given by: 

UM1(T) = eMl(q2)cos(27rq2.T + 90°)(-a + c) 

UM2(T) = -eM2(q2)cos(27rq2.T + 0°)(-a  + c) 

UNal(T) = eNal(q2)cos(27rq2.T + 90°)(-a + c) 

UNa2(T) = eNa2(q2)cos(27rq2.T + 0°)(-a  + c) 

uol(T) = eol(q2)cos(27rq2.T + 90°)(-a + c) 

uo3(T) -- -eol(q2)cos(27rq2.T + 90°)(-a + c) 

uo2(T) eo2X(q2)cos[27rq2.T + 

- eo2Y(q2)cos(27rq2.T 

+ eo2Z(q2)cos(27rq2.T 

~Po2X(q2)](a + c) 

+ 90°)b 

+ 90°)(-a + c) 

uo4(T) = -eo2X(q2)cos[27rq2.T + qao2X(q2)](a + c) 

+ eoEY(qE)cos(27rq2.T + 90°)b 

+ eo2Z(q2)cos(27rq2.T + 90°)(-a + c). 

This time the atomic displacement pattern is only 
compatible with tetrahedral edge rotation around the 
(a + c)c9 = a' axes. Unlike the situation for the ql 
displacive modulation, however, the resultant space- 
group symmetry (specifically the requirement that the 
resultant structure should have a b glide perpendicular 
to a' ,  i.e. that {adcl l ( a  + c) + b} must be a symme- 
try operation of the resultant structure) fixes most of 
the phase angles in the associated atomic displacement 
pattern associated with the q2 displacive modulation. In 
particular, the resultant space-group symmetry requires 
that only alternate sheets of tetrahedra (perpendicular to 
a') rotate around a' as far as the atomic displacement 
pattern associated with this q2 displacive modulation is 
concerned, i.e. UM(T = 0a' + . . . ) = uM(T = ~a + . . . ) 1 ,  
= 0. (It will be shown below that the requirement that 
each tetrahedra should rotate through the same angle in 
the overall resultant structure can still be met because the 
q3 and q4 displacive modulations are intimately linked 
and combine in such a way as to rotate the tetrahedral 
sheets not rotated by this q2 modulation.) 

The assumption of tetrahedral regularity implies that 
eMl(q2) = eM2(q2) = eMz(q2), COl(q2) -- 0 = eo2/(q2) and 
that eoEY(q2 )  = e o E Z ( q 2 )  = 2eMz(q2) (see Fig. 6). Thus 
the seven degrees of freedom associated with framework 
tetrahedral rotation are again reduced to just one, namely 
eMz(q2). A rotation angle of 20.2 ° around the c' axis and 
19.4 ° around the a' axes requires a value for eMz(q2) in 
the close vicinity of 0.031. 
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2.5.3. The q3 = ¼(222)* and q4 = 1(222)* mod- 
ulations. Symmetry elements of the resultant space- 
group symmetry (specifically the b glide perpendicular 
to a ')  link these two modulation wavevectors and hence 
their eigenvectors are intimately related. The correspond- 
ing little co-groups G q3 and G q' of these modulation 
wavevectors is that subgroup of mmm which leaves q3 
and q4 invariant modulo an allowed matrix reflection, 
namely G q3 = G q' = {E, Crd~}, the same as for q2 
above. Again only the RE irreducible representation is 
compatible with the resultant space-group symmetry of 
Pb2~a, i.e. a character of -1 under crde implies that the 
atomic displacement pattern associated with q3 and q4 
maps into itself under { O'de I 1 (a + c) } as also required by 
the resultant space-group symmetry, i.e. { tract l ( a  + c) } 
is equivalent to {crzl ½a'} (the a glide perpendicular to 
c') in terms of the resultant structure. 

Again compositional modulation of the metal-atom 
occupancies is not allowed while the most general pos- 
sible atomic displacement pattern associated with the q3 
and q4 modulation wavevectors and compatible with the 
resultant Pb21a space-group symmetry is given by: 

I UM1 (T) = 7 eM1 (q3,q4)(cos27rq3-T 

+ cos27rq4.T)(-a + c) 

UM2(T) = ½eM2(q3,q4)(-cos2~q3.T 

+ cos27rq4.T)(-a + C) 

U N a l ( T )  = 1 eNal (q3,qa)(COS27rq3-T 

+ cos27rqa.T)(-a + c) 

UN~2(T) = lena2 (q3,q4)(-cos2~'q3.T 

+ cos27rq4.T)(-a + c) 

uol (T) = [col ÷ (q3,q4)cos27rq3.T 

+ eOl-(q3,q4)cos27rq4.T](-a + c) 

uo3(T) = [eOl-(q3,q4)cos27rq3.T 

+ eOl÷(q3,q4)cos27rq3.T](-a + c) 

uo2(T)--  1eo2X(q3,q4)[cos27rq3.T 

- cos27rqa.T](a + c) + [cos27rq3.T 

+ cos27rq4 .T] [- leo2Y(q3,q4)b 

+ ½eoEZ(q3,q4)(-a + c)] 

UO4 (T)  = - ½ eo2 x (q3 ,q4) [cos27rq3. T 

- cos27rq4.T](a + c) + [cos27rqa.T 

+ cos27rq4.T] [ 1 eoEy(q 3,q4)b 

+ ½eoEZ(q3,q4)(-a + c)]. 

This atomic displacement pattem is not compatible 
with tetrahedral rotation around the ( -a  + c)c9 = c' 
axes but is compatible with tetrahedral rotation around 
the (a + c)c9 = a '  axes. As for the q2 modulation, 
the resultant space-group symmetry requires that only 
alternate sheets of tetrahedra (perpendicular to a') rotate 
around a'  but this time the tetrahedral sheets which 
rotate are precisely the ones which did not rotate in the 
case of the q2 modulation. The assumption of tetrahe- 
dral regularity requires that eMl(q3,q4)  = eM2(q3,q4) = 

eMz(q3,q4) ,  eOl+(q3,q4)  = eOl- (q3 ,q4)  = 0, eo2X(q3,q4) 
= 0 and that eoEY(q3,q4) = eo2Z(q3,q4) = 2eMz(qa,q4). 
Thus the seven degrees of freedom associated with 
framework tetrahedral rotation are again reduced to just 
one, namely eMz(qa,q4). Furthermore the assumption that 
the magnitude of the angle each tetrahedron rotates 
through should be the same requires that the magnitude 
of eMz(q3,q4) must equal the magnitude of eMz(q2). A 
rotation angle of 19.4 ° around both the a'  axis requires 
a value for this magnitude in the close vicinity of 0.031. 
The remaining degree of freedom as far as tetrahedral 
rotation around the a'  axis is concerned is the relative 
sign of eMz(q3,q4) and eMz(q2). This sign choice will be 
shown below to lead to two distinct plausible starting 
models for the Rietveld refinement. 

2.5.4. The q5 = (010)* modulation. Compositional 
modulation of the metal-atom occupancies is allowed for 
this modulation wavevector. The most general possible 
occupancy modulation function associated with this q5 
modulation wavevector and compatible with the resul- 
tant Pb21a space-group symmetry is given by: 

fMl (T) = 

fM2(T) = 

½(fAI + fsi){ 1 + aMl(qs)cos[27rqs.T 

+ 0Ml(qs)] } 

½(fAi + fsi){ 1 + aM2(qs)cos[27rqs.T 

+ 0M2(q5)] } 

fNal (T) = 

fNa2 (T) -- 

½(fNa){ 1 + arqal(qs)cos[27rqs.T + 0Nal(q5)]} 

½(fNa){ 1 + aNa2(qs)cos[27rqs.T + 0Na2(qs)]}. 

Fourier decomposition of the recently reported crystal 
structure of Nal _ ,,[Fel _ xSixO2], 0.10 < x < 0.25 (Grey 
et al., 1990), in the above terms shows that just such a 
q5 -- b* compositional modulation occurs in this system 
and leads to planes of tetrahedra perpendicular to our 
a '  being alternately Fe-rich and Si-rich. In the case 
of low camegieite, solid-state NMR evidence requires 
each SiO4 tetrahedra to be surrounded by four A104 
tetrahedra and vice versa (Thompson et al., 1993). Such 
tetrahedral cation ordering cannot be described by a 
q5 compositional modulation and indeed requires that 
aMl(qs) = aM2(qs) = 0. It cannot necessarily be assumed, 
however, that arqal(q5) and aNa2(qs) are zero for low 
camegieite. 
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The most general possible atomic displacement pat- 
tern associated with the q5 modulation wavevector and 
compatible with the resultant Pb21a space-group sym- 
metry is given by: 

U M I ( T )  = eM1(qs)(cos27rqs.T)b 

UM2 (T) = eM2 (qs) (cos27rqs. T) b 

UNa I ( T )  = eNa I (qs)(cos27rqs.T)b 

UNa2(T) ffi eNa2(q5)(cos27rq5.T)b 

uol(T) = [eol(qs)(a + c) + eolY(qs)b](cos27rqs.T) 

Uo3(T) -- [-eol(qs)(a + c) + eolY(qs)b](cos27rqs.T) 

uo2(T) = [eo2Y(qs)b + eo2Z(qs)(-a + c)](cos27rqs.T) 

Uog(T) = [eo2Y(qs)b -eo2Z(qs)(-a + c)](cos2~qs.T). 

The above atomic displacement pattern is not compatible 
with tetrahedral edge rotation around either the a' or c' 
axes and hence for the purposes of deriving a plausible 
starting model all of the above degrees of freedom as- 
sociated with the tetrahedral framework can be assumed 
to be zero. 

2.5.5. The q6 = 0 modulation. Compositional modu- 
lation of the metal-atom occupancies is also allowed for 
this modulation wavevector. The most general possible 
occupancy modulation function associated with this q6 
= 0 modulation wavevector and compatible with the 
resultant Pb2 l a space-group symmetry is this time given 
by: 

fMl (T) = 1 7(fAl + fsi)[1 + aMl(q6)] 

fM2 (T) = 1 ~(fAl + fsi)[1 + aM2(q6)] 

fYal(T) = 10rNa)[1 + aNal(q6)] 

fNa2(T) = l(fNa)[1 + aNa2(q6)]. 

The solid-state NMR requirement that each S i O 4  

tetrahedra is surrounded by four A104 tetrahedra and vice 
versa is equivalent to requiring that l ( f A  1 + fsi)aM2(q6) 
_ 1 1 

(fA1 + fsi)aMl (q6)  = Note -~(fAl - fsi). that a N a l ( q 6 )  

-- a N a 2 ( q 6 )  -- 0 implies half occupancy of Nal and Na2 
sites w h e r e a s  l ( f N a ) a N a 2 ( q 6 )  = _ 21 (fNa)aNal (q6 )  = + 1 o r  

-1 implies full occupancy of either the Nal or Na2 
sites, respectively, as can be seen by substitution into 
the above occupancy modulation function. 

Finally, the most general possible atomic dis- 
placement pattern associated with this q6 modulation 
wavevector and compatible with the Pb2~a resultant 
space-group symmetry is given by: 

UMI(T) = eMl(q6)b 
UM2(T) = e~rz(q6)b 

UNa 1 (T) = ENal (q6)b 

UNa2(T) = eNa2(q6)b 

uol(T) = eolX(q6)(a + c) + eolY(q6)b 

uoa(T) = -eolX(q6)(a + c) + eolY(q6)b 

uoE(T) = -eoEZ(q6)(-a + c) - eo2Y(q6)b 

Uo4(T) = + eoEZ(q6)(-a + c) - eo2Y(q6)b. 

Again the above atomic displacement pattern is not 
compatible with tetrahedral edge rotation around either 
the a' or c' axes and hence eMl(q6) and e M 2 ( q 6 )  C a n  

be put to zero. The shifts of the framework O atoms, 
however, are required to be non-zero in order to take 
account of the slightly different size of the SiO4 and 
A104 tetrahedra relative to the average tetrahedral size. 
The assumption of tetrahedral regularity requires that 
ColX(q6)  = EolY(q6)  = ~o2Z(q6)  = Co2Y(q6) = ~ o ( q 6 )  
0.006. 

Determination of the 48 displacive and eight compo- 
sitional degrees of freedom associated with the above 
modulation functions is equivalent to determination of 
the structure of low carnegie±re. In order to derive a plau- 
sible starting model for Rietveld refinement, however, 
only those degrees of freedom associated with tetra- 
hedral edge rotation and with the AI/Si ordering need 
be considered. Taking only these degrees of freedom 
into account and re-expressing the above modulation 
functions in terms of the resultant unit cell, gives the 
fractional coordinates listed in Table 2. 

It is interesting to note that the q6 = 0 mode is the 
1 ( - a  only one to destroy the symmetry operation I%1 

-b  + c)1c9 (equivalent to I%l(-~b' + ½c')l in terms 
of the resultant structure) and hence lower the resultant 
space-group symmetry from Pbca to the observed Pb21a. 
[The absence of such a mode in the case of KGaO2 
and Nal_ x[Fel_ xSixO2], 0.10 < x < 0.25 (Grey et al., 
1990), is thus consistent with the higher space-group 
symmetries reported for these materials.] Application of 
this operation to the resultant structure is thus equivalent 
to flipping the sign of this q6 = 0 mode. 

In order that each tetrahedra rotates through an angle 
of the same magnitude around the a' axis, [eMz(q3,q4)[ = 
leMz(q2)l. Furthermore, in order that each tetrahedra 
remains as close to regular as possible, [eMz(q3,q4)] = 
loMb(q2)] -~ 0.0312, leM/(q~)] -~ 0.0327 and co(q6) 

1 0.0056. For example, choosing ~(fAI + fsi)aM2(q6) = 
-10rAl + fsi)aMl(q6) = 1 -~(fA~ - fsi), eMx(ql) = -0.0312, 
eMz(q2) = -0.0312, eMz(q3,q4) = +0.0312 and co(q6) = 
0.0056 results in A1--O distances within AIO4 tetrahe- 
dra of 1.750 + 0.018A, Si - -O distances within SiO4 
tetrahedra of 1.621 ± 0.013A, O - - O  distances within 
AIO4 tetrahedra of 2.843 ± 0.032 A and O - - O  distances 
within SiO4 tetrahedra of 2.660 ± 0.079A. The ideal 
corresponding values would be 1.757, 1.624, 2.869 and 
2.652 A, respectively. While not completely exact the 
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Table 2. Group theoretically derived fractional coordinates for 

Parent position x' 
All M I ( T  = 0) 0 + eM~(ql) 
AI2 M I [ T  = ~(b + c)] ~ - eM~(q,) 
Sil M 2 ( T  = 0) ~ + eMx(q,) 
Si2 M2[T = - ~(a + b)] 0 + eM~(q,) 
N a l  N a l ( T  = 0) 
N a 2  N a i [ T  = ~(b + c)] 
Na3  N a 2 ( T  = 0) 
Na4  N a 2 [ T =  ½(b + c)] 0 
O l  O I ( T  = 0) ~ + 2eM~(q~) + eo(q6) 
0 2  O I [ T  = ~(b + c)] ] - 2eM~(q,) + eo(q6) 
0 3  O 2 ( T  = 0) 0 
0 4  O2[T = ½(b + c)] 
0 5  O3(T  = 0) - ~ + 2eM~(qt) - co(q6) 
0 6  O3[T = ~(b + c)] ~ - 2eM~(q,) - eo(q6) 
0 7  O4(T  = 0) 0 
0 8  O4[T = ~(b + c)] 

the framework atoms of low carnegeite 
yS Zp 

0 0 + 2eM.-(q3,q4) 
~ - 2eMz(q2) 
0 - 2eM~(q2) 

-- ~ ~ + 2eM~(q3,q4) 
0 

0 

- eM~(q,) + ~eo(q6) 0 
r~ + eM~(q,) + ½eo(q6) 

- ~ - eM~(q3,q4) - ~eo(q6) - ~ + 4eM~(q3,q,,) 2eo(q6) 
+ eM~(q2) - ~eo(q6) ~ - 4eM~(q2) -- 2co(q6) 
+ eM~(q,) + ~eo(q6) 0 

r ~ -  eM~(ql) + ~eo(q6) 
-- ~ + eM:(q3,q,) - ~eo(q6) ~ + 4eM~(q3,q4) + 2eo(q6) 

-- eM,(q2) -- ~eo(q6) ] -- 4eM:(q2) + 2eo(q6) 

above parameterization has nonetheless produced a very 
good approximation to rigid-body rotation of the A104 
and SiO4 tetrahedra. Note, however, that there still 
remains the possibility of several alternative plausible 
starting models, i.e. while the magnitude of the parame- 
ters in Table 2 is known, their sign is not. 

2.6. Alternative plausible starting models ? 
Given that there are several possible sign choices 

available for the four parameters listed in Table 2, it 
might be thought that there should be quite a few 
distinct possible plausible starting models, all of which 
would correspond to rigid-body rotation of the A104 and 
SiO4 tetrahedra. In fact there are only two distinct such 
models. Flipping the sign of the q6 = 0 mode, i.e. flipping 
the sign of eo(q6) and switching A1 and Si, does not 
generate a distinct starting model. Given that we make 
the choice that an A1 atom is at the origin then eo(q6) 
must be positive and ,--,0.0056. We are free to choose the 
sign of eMx(ql), as an origin shift of b (with respect to 
the original C9-related cell, see Fig. 3) is equivalent to 
flipping the sign of eMx(ql), i.e. 27rql.b = 7r. Similarly 
the sign of eMz(q2) Can be chosen freely as an origin shift 
of l (a  + c) is equivalent to flipping the sign of eMz(q2) 
without affecting the sign of eMx(ql), i.e. 27rq2.½(a + 
c) = 7r whereas 27rql.½(a + c) = 0. Having chosen 
the signs of eMx(ql) and eMz(q2), however, there still 
remains the sign of eMz(q3,q4) to be determined. These 
two distinct possible starting models (labelled models 
A and B from here on) will now be investigated via 
Rietveld refinement. 

3. Constrained Rietveld refinement of low carnegieite 

As explained in the Introduction an unconstrained 
Rietveld refinement of the crystal structure of low 
camegieite using the previously published X-ray powder 
diffraction data (Thompson et al., 1993) would not be 
feasible. In addition to the 48 displacive and eight 
compositional degrees of freedom there would also be a 
number of experimental parameters to be refined. The 

Table 3. Refinement statistics for the various model 
options 

Excluding data 20 .5 -22 .2  ° and 5 5 . 2 - 7 5 . 7  ° 20 .  P a r e n t  N a ' s  kicked 
of f  0.01 o f  fractional coordinate .  Rp = 1 0 0 Z l y , -  y,~!/Yly~I. R,p = 
100[Y.w(y, - y,.,)211/2/~wy,2. Reragg = 1005-11 -- lcl/~l. 

Model  Rp ( % )  Rwp ( % )  R . . . . .  ( % )  
A12 5.2 7.2 6.3 
A34 6.7 9.4 7.8 
AI4  9.6 13.2 8.0 
AI3 8.2 12.1 7.4 
A23 10.7 14.5 9.8 
A24 8.2 12.0 7.6 
A1234 6.1 8.9 7.1 

BI2 8.4 12.0 8.2 
B34 9.2 12.8 8.5 
B1234 9.1 12.6 7.6 

Coordinates of A 12 Na ' s  
x y z 

Na I 0.474 0.255 0.067 
Na2 0.784 0.504 0.433 

Table 4. Apparent valences for starting models A and 
B, and for the final refined model 

Apparent  valences  calculated as the sums  o f  bond valences  for 
distances < 3 . 5 / ~ .  Ro f r o m  E U T A X .  

M o d e l  B12* M o d e l  A12* M o d e l  A I 2  Refined mode l  
AI 1 3.07 3.07 3.07 3.06 
AI2 3.07 3.07 3.07 3.06 
Si I 4.04 4.04 4.04 4.06 
Si2 4.04 4.04 4.04 4.05 
Na l  1.01 1.01 0.97 0.91 
Na2 1.01 1.01 0.91 0.94 
O! 2.07 2.07 1.99 2.01 
0 2  1.97 i .97 2.10 2.03 
0 3  1.98 2.05 2.03 1.97 
0 4  2.05 2.05 1.98 2.06 
0 5  1.97 1.97 1.99 1.96 
0 6  2.07 2.07 1.94 1.99 
0 7  2.05 1.98 2.00 1.98 
0 8  1.98 1.98 1.98 1.97 

* Na atoms in parent positions. 

large unit cell observed for low camegieite requires 
that, while there are a large number of reflections, these 
reflections are severely overlapping for most of the 
powder profile. In short, the data are not good enough 
to treat all the variables independently. 
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Table 5. Atomic coordinates of  starting models A and B, and the final refined model 

Model  B Model  A 
x y z x y z 

All 0.9673 0.0000 0.9376 0.9673 0.0000 0.0624 
AI2 0.2827 0.2500 0.5624 0.2827 0.2500 0.5624 
Sil 0.2173 0.1250 0.0624 0.2173 0.1250 0.0624 
Si2 0.9673 0.8750 0.4376 0.9673 0.8750 0.5624 
Nal 0.5000 0.2500 0.0000 0.5000 0.2500 0.0000 
Na2 0.7500 0.5000 0.5000 0.7500 0.5000 0.5000 
Na3 0.7500 0.3750 0.0000 0.7500 0.3750 0.0000 
Na4 0.0000 0.6250 0.5000 0.0000 0.6250 0.5000 
O! 0.0652 0.0980 0.0000 0.0652 0.0980 0.0000 
02  0.4460 0.2826 0.5000 0.4460 0.2826 0.5000 
03 0.0000 0.9659 0.6140 0.0000 0.9035 0.8636 
04  0.2500 0.1535 0.3636 0.2500 0.1535 0.3636 
05 0.8040 0.0326 0.0000 0.8040 0.0326 0.0000 
06  0.1848 0.3480 0.5000 0.1848 0.3480 0.5000 
07  0.0000 0.9035 0.1364 0.0000 0.9659 0.3860 
08  0.2500 0.2159 0.8860 0.2500 0.2 ! 59 0.8860 

* The  errors  were determined dur ing the constrained refinement 
conver t  fract ional  coordinates  f rom the listed Pb21a setting to the 

Refined model* 
x y g 

0.966 (3) 0.000 (-) 0.067 (7) 
0.282 (3) 0.254 (3) 0.559 (6) 
0.216 (3) 0.129 (3) 0.064 (5) 
0.968 (3) 0.875 (2) 0.563 (6) 
0.475 (3) 0.250 (3) 0.051 (5) 
0.773 (3) 0.507 (3) 0.456 (6) 

0.067 (2) 0.097 (2) 0.999 (8) 
0.446 (2) 0.280 (2) 0.502 (8) 
0.002 (5) 0.905 (2) 0.857 (4) 
0.249 (5) 0.153(1) 0.363 (3) 
0.806 (2) 0.036 (1) 0.002 (9) 
0.183 (1) 0.352 (1) 0.503 (9) 
0.997 (4) 0.968 (2) 0.389 (3) 
0.246 (4) 0.217 (i) 0.877 (3) 

o f  all the a toms using lobs extracted from the full powder  profile. To  
s tandard  Pca2~ setting: (x, y, z)Pca2~ --- (x, z, -y)Pb21a. 

The derivation of the structural models for the alu- 
minosilicate framework (models A and B) has been 
explained above. These models are necessarily chem- 
ically plausible, at least as far as the AV's of the 
Si- -O and AI--O bond lengths and O- -O distances are 
concerned. These two models do not give the Na-atom 
ordering. This has to be solved from the data and the 
positions subsequently refined. 

Given that the stoichiometry required two Na atoms 
in four sites (see Table 2) there are six possible combi- 
nations with full occupancy of half the sites as well as 
the possibility of half occupancy of all the sites. It was 
considered necessary to test all these possible ordering 
patterns with both the framework models to determine 
which was the most likely structural model. 

3.1. Testing the models 
The program DBW3.2 (Wiles & Young, 1981) was 

used throughout for Rietveld analysis of the X-ray pow- 
der diffraction profile. Non-atomic parameters refined 
throughout were zero point, scale, peak profile and half- 
width using a pseudo-Voigt function, peak asymmetry 
and unit-cell dimensions. An overall temperature factor 
was also refined. 

For each of the model/Na ordering combinations the 
Na-atom positional parameters (6 or 12) were refined 
simultaneously with 13 non-atom parameters. The back- 
ground was interpolated between 14 points. Only data 
out to 55.2 ° 20 (90 reflections) were used as it was 
considered that data at higher angles were too severely 
overlapping to be useful at this stage. The very strong 
11 lpa~nt reflections at ,-21° 20 were excluded from the 
refinement as they possessed a peculiar profile and were 
likely to be significantly off scale, both resulting from the 
method of data collection (see Thompson et al., 1993). 
The final refinement statistics for each are presented in 
Table 3. 

While all the combinations gave a moderately good 
fit to the data, there were three combinations which were 
significantly better than the rest, namely A12, A34 and 
A 1234. On this basis we can immediately exclude model 
B for the aluminosilicate framework. Of the three Na 
combinations for model A it was clear that A 12 was 
significantly better, ,-~ 1% lower in Rp than the next best 
model. On this basis we concluded that model A with 
full occupancy of Nal and Na2 sites (see Table 2) was 
the best. 

3.2. Further refinement 
Having refined the Na-atom positions it was possible 

to test further the chemical plausibility of model A 
by calculation of AV's. These are presented together 
with the Na positions in Table 4. Apart from slight 
underbonding of the two Na atoms, model A 12 with Na 
positions refined gave a remarkably good fit to the data 
even without further constrained refinement. 

As DBW3.2 does not allow for bond-length constraints 
it was necessary to conduct constrained refinement of 
atoms external to the program. This was achieved by 
e x t r a c t i n g  lobs from the Rietveld analysis with the A 12 
model with refined Na-atom positions. At this point it 
was considered appropriate to use the full profile, again 
except for the 11 lparent reflections at "21  ° 20. The profile 
refinement statistics Rp and Rwp converged to 6.3 and 
8.5% with a derived Raragg of 6.7%. These data were 
input into SHELX76 (Sheldrick, 1976), the weakest 30% 
of the extracted Iobs (64 of the 208 data) not being used 
because of their inherent unreliability. 

Before refinement of the positional parameters, the 
144 observed reflections gave an RI of 10.31%. By 
placing slack constraints on the Si--O and A1--O dis- 
tances to be 1.624 + 0.01 and 1.757 + 0.01A, in 
accordance with the bond-valence requirement discussed 
earlier, the Rl improved dramatically to 6.98%. The 
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Table 6. Bond lengths (A) and selected interatomic 
distances ( < 3.6 A) 

All Sil 3.14 (4) 
Si2 3.10 (4) 
Ol 1.75 (3) 
03 1.76 (4) 
05 1.75 (4) 
06 
07 i.75 (4) 

AI2 Sil 3.21 (5) 
Si2 3.08 (5) 
02 1.75 (4) 
O3 
04 1.77 (4) 
06 1.73 (4) 
08 1.76 (4) 

Sil OI 1.63 (4) 
04 1.61 (3) 
05 1.63 (4) 
08 1.60 (4) 

Si2 02 1.63 (4) 
03 1.61 (4) 
06 1.62 (3) 
07 1.61 (4) 

Nal O1 2.36 (5)* 
02 2.38 (5)* 
03 2.41 (5)* 
04 3.13 (5) 
05 3.48 (4) 
06 3.45 (4) 
07 3.53 (5) 
08 2.56 (5)* 

N a 2 0 l  3.49 (5) 
03 3.16 (5) 
04 2.26 (4)* 
05 2.96 (5) 
06 2.37 (4)* 
O7 2.85 (5) 
08 3.41 (4) 

All  te trahedron 
OI 03 2.87 (4) 

05 2.81 (3) 
07 2.80 (4) 

.03 05 2.83 (5) 
07 2.88 (3) 

O5 07 2.96 (5) 

Sil te t rahedron 
01 04 2.76 (5) 

05 2.60 (3) 
08 2.57 (4) 

04 05 2.56 (4) 
08 2.66 (2) 

05 08 2.69 (2) 

3.21 (4) 
3.13 (4) 

3.54 (4) 
3.40 (4) 
3.54 (4) 

3.17 (5) 
3.14 (5) 
3.48 (4) 
3.43 (5) 

3.57 (4) 

2.88 (5) 

2.84 (5) 

3.13 (5) 

2.51 (5)* 

2.55 (5)* 

AI2 te trahedron 
02 04 2.79 (5) 

06 2.88 (2) 
08 2.96 (4) 

04 06 2.96 (3) 
08 2.80 (2) 

06 08 2.78 (4) 

Si2 te trahedron 
02 03 2.59 (4) 

06 2.63 (2) 
07 2.76 (4) 

03 06 2.76 (5) 
07 2.57 (3) 

06 07 2.52 (4) 

o f  Na  atoms by O * Approximately tetrahedral  coordinat ion 
atoms. 

new O-atom positions gave a spread of OmO distances 
of 2.78-2.97 A for mlO 4 tetrahedra and 2.54-2.77 A 
for SiO4  tetrahedra, compared with 2.80-2.98/~ and 
2.58-2.78/~ for model A, respectively. Using these 're- 
fined' atomic positions in the Rietveld analysis lowered 
Rp, Rwp and RBragg to 5.7, 7.6 and 5.0%, respectively. 
The final positional parameters for this structural model 
are presented in Table 5 and the corresponding AV's in 
Table 4. Bond lengths and O- -O distances are given in 

Table 6.* As a result of extreme correlation between the 
profile background at higher angles and overall temper- 
ature factors it was arbitrary which was fixed at some 
meaningl~l value. Either way the present data contained 
no useful information about thermal motion. The refined 
unit-cell parameters were uniformly 0.1% larger than 
those determined previously from the Guinier data using 
an internal Si calibration standard, the difference being 
consistent with the effect of peak profile asymmetry. 

Unconstrained refinement of the positional parameters 
both during the Rietveld analysis and using the extracted 
intensities in SHELX76 gave further improvement in the 
relevant refinement statistics. However, we concluded 
that this improvement in refinement statistics was a result 
of the increased degrees of freedom. In the Rietveld 
refinement there was severe correlation between some 
atomic parameters and non-atomic variables. As these 
unconstrained refinement models all gave AV's which 
were quite ridiculous it was decided that our constrained 
refinement was the best that could be achieved with the 
available data. 

The observed, calculated and difference profiles, to- 
gether with reflection markers are presented graphically 
in Fig. 7. The difference profile shows an inability of 
the Rietveld analysis to completely model the reflection 
profiles at low angle. This is probably as a result of 
the data being measured from a Guinier-Hagg film as 
described previously (Thompson et al., 1993). Experi- 
ence has shown that without a plausible starting model 
which already gives a reasonable fit to the profile, such as 

* Lists of observed and calculated structure factors, and powder 
diffraction data have been deposited with the British Library Document 
Supply Centre as Supplementary Publication No. SUP 55951 (44 pp.). 
Copies may be obtained through The Technical Editor, International 
Union of Crystallography, 5 Abbey Square, Chester CH 1 2HU, England. 
[CIF reference: AL0548] 
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Fig. 7. The observed, calculated and difference profiles together with 
reflection markers for the final refined model. 
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our model A 12, attempts to refine structures using such 
overlapping powder data leads to the situation where 
the refined model becomes completely dependent on the 
starting model. Our comparative testing of the various 
models, described earlier, helped us to avoid any such 
false refinement minima. 

4. Summary and discussion 

Like its octahedral corner-connected perovskite coun- 
terpart (Barnighausen, 1980), the C9 structure type 
represents an ideal parent structure or aristotype from 
which many lower symmetry derivative structures 
can be obtained via appropriate rotation of more or 
less rigid framework polyhedra (tetrahedral in the 
case of C9-related structures and octahedral in the 
case of perovskite-related structures). Given that one 
of the major objectives of crystal chemistry is the 
interrelationship between such cognate crystal structures, 
it is important not only to solve for the crystal structure 
of low camegieite but also to place it in relationship to 
its underlying C9 aristotype. The use of a modulation 
wave approach to the structural parameterization and 
refinement of low carnegieite not only spelt out this 
relationship in detail but also made clear that there is 
more than one plausible starting model compatible with 
rigid-body rotation of the tetrahedral framework. Such an 
approach allowed for the systematic testing of alternative 
possibilities and hence avoided any problems associated 
with false refinement minima. It also provided plausible 
and essential starting models for the subsequent full 
Rietveld refinement. 

Topologically the coupled tetrahedral edge rotations 
which generate the structure of low camegieite from 
its underlying C9 aristotype have Pbca space-group 
symmetry (for our choice of cell setting) and in this 

sense the structure of low camegieite is closely related 
to those of KGaO2 (Vielhaber & Hoppe, 1969) and 
Nal _ x[Fel _ xSix]O2 (Grey et al., 1990). The major dif- 
ference and the origin of the reduction in space group 
symmetry from Pbca to Pb21a in the case of low 
carnegieite arises from the difference in the ordering 
of the tetrahedral and stuffing cations. In the case of 
low camegieite, the A1/Si and Na/vacancy ordering 
corresponds to a q -- 0 compositional modulation of 
its underlying C9 aristotype whereas, in the case of 
Nal _ x[Fel _ xSiz]O2, the Fe/Si and Na/vacancy ordering 
require a q --- b* compositional modulation. 

References 

BARNIGHAUSEN, H. (1980). Commun. Math. Chem. 9, 139-175. 
BRADLEY, C. J. & CRACKNELL, A. P. (1972). The Mathematical Theory 

of  Symmetry in Solids, p. 118. London: Oxford Univ. Press. 
BRESE, N. E. & O'KEE~E, M. (1991). Acta Cryst. 1347, 192-197. 
BROWN, I. D. & ALTER_MArT, D. (1985). Acta Cryst. 13,41,244-247. 
FORIS, C. M., ZUMSTEG, F. C. & SHANNON, R. D. (1979). J. Appl. Cryst. 

12, 405-406. 
GREY, I. E., HOSKINS, B. F. & MADSEN, I. C. (1990). J. Solid State 

Chem. 85, 202-219. 
KLINGENBERG, R. d~. FELSCHE, J. (1981). J. Appl. Cryst. 14, 66-68. 
O'KEEFFE, M. & HYDE, B. G. (1976). Acta Cryst. B32, 2923-2936. 
PEREZ-MATO, J. M., MADARIAGA, G., ZUIqIGA, F. J. & GARC1A ARRIBAS, 

A. (1987).. Acta Cryst. A43, 216-226. 
SHANNON, R. D. (1979). Phys. Chem. Miner. 4, 139-148. 
SHELDRICK, G. M. (1976). SHELX76. Program for crystal structure de- 

termination. Univ. of Cambridge, England. 
THOMPSON, J. G., WITHERS, R. L., WHFI'rAKER, A. K., TRAILL, R. M. & 

Frrz GERALD, J. D. (1993). J. Solid State Chem. In the press. 
VIELHABER, E. V. & HOPPE, R. (1969). Z. Anorg. Allg. Chem. 369, 14-32. 
WILES, D. B. & YOUNG, R. A. (1981). J. Appl. Cryst. 14, 149-151. 
WITHERS, R. L., HUA, G. L., WELBERRY, T. R. & VINCEWr, R. (1988). 

J. Phys. C, 21, 309-318. 
WITHERS, R. L., THOMPSON, J. G. & WELBEm~Y, T. R. (1989). Phys. 

Chem. Miner. 16, 517-523. 
WITHERS, R. L., WALLENBERG, R., BEVAN, D. J. M., THOMPSON, J. G. & 

HYDE, B. G. (1989). J. Less Common Met. 156, 17-27. 
YAMAMOTO, A. (1982). Acta Cryst. A38, 87-92. 

Acta Cryst. (1993). B49, 626-631 

Structure of B a 4 N b 1 4 0 2 3  

BY G .  SVENSSON AND J. GRINS 

Department of Inorganic Chemistry, Arrhenius Laboratory, Stockholm University, S-106 91 Stockholm, 
Sweden 

(Received 8 January 1993; accepted 24 March 1993) 

Abstract 

Single crystals of Ba4Nb14023 were obtained by heat 
treatment of a pelleted mixture of BasNb4Ols, Nb2Os 
and Nb at 1725 K in an Ar atmosphere. High-resolu- 
tion electron microscopy studies showed the struc- 
ture to be an intergrowth of the BaNbO3 perovskite 
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structure and the NbO structure. The structure 
model was refined using X-ray single-crystal diffrac- 
tion data. Characteristic structural units are triple 
chains of corner-sharing Nb6 octahedra, parallel to 
the c axis and separated by perovskite-type columns. 
Crystal data: barium oxoniobate, Ba4Nb14023, Mr = 
2218.0, orthorhombic, Cmmm, a=20 .79(1) ,  b = 
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